MINIMAL LENGTH ELEMENTS IN SOME DOUBLE 
COSETS OF COXETER GROUPS 
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Abstract. We study the minimal length elements in some double 
cosets of Coxeter groups and use them to study Lusztig's G-stable 
pieces and the generalization of G-stable pieces introduced by Lu 
and Yakimov. We also use them to study the minimal length 
elements in a conjugacy class of a finite Coxeter group and prove 
a conjecture in [GKP| . 



Introduction 

0.1. Let be a Coxeter group generated by the simple reflections Si 
(for i E I). Let O be a conjugacy class of W and Cmin be the set of 
minimal length elements in O. In |GP1] and [GP2t section 3], Geek 
and Pfeiffer obtained the following result: 
If is a finite Coxeter group, then 

(1) For any w E O, there exists a sequence of conjugations by Sj 
which reduces w to an element in Omin and the lengths of the elements 
in the sequence weakly decrease; 

(2) If w,w' G Omin, then they are strongly conjugate in the sense of 
[UF21 3.2.4]. 

This result was later generated by Geek, Kim and Pfeiffer to the 
"twisted" conjugacy classes of the finite Coxeter groups. See |GKP] . 

0.2. Let J be a subset of / and Wj be the subgroup of W generated 
by Sj (for j G J). The group Wj acts on W by conjugation. This 
action arises naturally in the study of Lusztig's G-stable pieces in |L3j . 
A natural question is whether the above result can be generalized to 
the W^j-orbits in W. The answer is yes as we will see in Corollary 3.8. 
We will then use this result to study Lusztig's G-stable pieces. 



0.3. Recently, Lu and Yakimov obtained a generalization of Lusztig's 
G-stable pieces in |LY] . which is called Tic x 7?.c-stable pieces. Their 
motivation for studying such a generalization comes from Poisson ge- 
ometry. For more details, see \LY\ Introduction]. 
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0.4. In this paper, we will study these TZc x 7lc-stab\e pieces in a 
different way. Namely, we will first study their analogy in terms of 
Coxeter groups. We consider the double cosets Wc'\(Vri x W2)/Wc, 
where Wc' and Wc are certain subgroups of the product Wi x W2 of 
two Coxeter groups. For the minimal length elements in the double 
cosets, a generalization of 0.1 will be proved. Then we will use the 
minimal length elements to study the TZc x T^c-stable pieces. 

0.5. As an easy consequence of the results on the minimal length 
elements in the double cosets, we obtain some results on the minimal 
length elements in the ("twisted") Wj-conjugacy classes on W, where 
Wj is a proper parabolic subgroup of W. Then we will use these 
elements to study the ("twisted") conjugacy classes of W. We will get 
a new proof of the results in 0.1 for finite Coxeter groups of classical 
type. We will also study the "good elements" and prove a conjecture 
in [GKPl 5.6]. Combining this result with the earlier results in |GM] 
and [GKP] . the existence of "good elements" in each twisted conjugacy 
class of a finite Coxeter group is established. 

0.6. We now review the content of this paper in more detail. 

In section 1, we generalize a result of Bedard, following the approach 
in |L3l section 2]. In section 2, we obtain a classification of the double 
cosets. In section 3, we study the minimal length element in a double 
coset. In section 4, we introduce the notation of distinguished double 
cosets and distinguished elements and define a partial order on the 
distinguished double cosets. In section 5, we study the TZc x Tic- 
stable pieces using the distinguished elements. In section 6, we study 
the parabolic character sheaves and also obtain a result of the Hecke 
algebras. In section 7, we study the "twisted" conjugacy classes of 
finite Coxeter groups and prove the existence of the "good elements" . 
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1. A GENERALIZATION OF A BEDARD'S RESULT 

In this section, we generalize a result of Bedard |Bej . We follow the 
approach in [L3[ section 2] (and also take into account some simplifi- 
cation in |H3] ) ■ 

1.1. Let / be a finite set and (mjj)jjg/ be a matrix with entries in 
N U {oo} such that ma = 1 and rriij = rriji ^ 2 for all i ^ j. Let 

be a group defined by the generators Si for z G / and the relations 
(sjSj)™'*-' = 1 for with m^j < oo. We say that (W, I) is a Coxeter 

group. Sometimes we just call W itself a Coxeter group. 

We denote by / the length function and ^ the Bruhat order. For 
w e W, we denote by supp(w) the set of simple reflections that appear 
in some (or equivalently, any) reduced expression of w. For J C /, 
we denote by Wj the standard parabolic subgroup of W generated by 
J and by W'^ (resp. '^W) the set of minimal coset representatives in 
W/Wj (resp. For J,K C I, we simply write W"^ n as 

For J G I with Wj finite, we denote by wj the maximal element in 
Wj. 

For an automorphism a of W^, we define the a-twisted conjugation 
action of W on itself hj w ■ w' = ww'a{w)~^. The orbits are called the 
(j-twisted conjugacy classes of W. 

For a finite set X, we denote by its cardinality. 

1.2. We recall some known results about W"^ . 

(1) If w G W"^ and i G I, then there are three possibilities. 

(a) SiW > w and SiW G W"^; 

(b) SiW > w and SiW = wsj for some j G J; 

(c) SiW < w in which case SiW G W'^ . 

(2) If w e W-\ V G Wj and K C J, then v G if and only if 
wv G W^. 

(3) If w G "^'W-^ and u G Wj>, then uw G W'^ if and only if m G , 
where K = J' n Ad{w)J. 

Lemma 1.3. (1) Let J,K C I and w G with w~^{K) C J. 

Assume that w = xy for x G ^W'^ and y G Wj. Then x^^{K) C J . 

(2) Let J,KcI and w G with w{K) C J. Assume that w = xy 
for X eWj and y G -^W^ . Then y{K) C J. 

We only prove part (1). Part (2) can be proved in the same way. 
By assumption, for k E K, there exists j G J, such that SkW = 
wSj = xysj. It is easy to see that SkX > x. If SkX G W"^ , then 

SkW G {skx)Wj, xySj G xWj and SkX,x G W'^ . 

Thus which is a contradiction. Hence by 1.2 (1), 

for some j' G J . The lemma is proved. 
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Lemma 1.4. Let u,w G W. Then 

(1) The subset {vw\ v ^u] ofW contains a unique minimal element 
y. Moreover, l{y) = l{w) — l{yw^^). 

(2) The subset {vw; v ^ u} ofW contains a unique maximal element 
y' . Moreover, l{y') = l{w) + l{y'w^^). 

Remark. This is a generalization of the result [Hll Lemma 3.3]. In loc. 
cit. the Coxeter group W is a finite Weyl group. But this assumption 
is not needed here. 

We will only prove part (1). Part (2) can be proved in the same way. 

We argue by induction on l{u). For l{u) = 0, part (1) is clear. 
Assume now that l{u) > and that the statement holds for all u' &W 
with l{u') < l{u). Then there exists i E I such that SiU < u. We denote 
SiU by u' . Then by induction hypothesis, the subset {v'w] v' ^ u'} 
contains a unique element yi = Viw and l{yi) = l{w) — /(fi). Set 
y = mm{yi, Siyi}. Then we have that y < Siy and y ^ yi- Now 
assume that z is an element in {vw;v ^ u}. Then it is easy to see 
that either z or SiZ is contained in {v'w,v ^ u'}. Therefore we have 
that either y ^ yi ^ z or y ^ yi ^ siz. In the second case, by |Lll 
Corollary 2.5], we still have that y ^ z. 

So y is the minimal element in {vw; v ^ u}. 

If y = yi, then l{y) = l{w) - l{vi). If y = Siyi = SiViw, then 
l{y) = l{yi) — 1 = l{w) — /(f i) — 1. Since l{y) ^ l{w) — i), we have 
that /(sjfi) = l{vi) + 1 and l{y) = l{w) — l{siVi). The lemma is proved. 



1.5. Let and (1^2,-^2) be two Coxeter groups. A triple c = 

( Ji, J2, 5) consisting of Ji C /i, J2 C I2 and an isomorphism 5 : Wj^ — * 
VFj2 which sends Ji to J2 will be called an admissible triple for Wi x W2. 
To each admissible triple c = ( Ji, J2, S), set 

Wc = {{w,6{w)y,w e Wj,} cWiX W2. 

Let c = (Ji, J2,S) be an admissible triple for Wi x W2, then = 
( J2, Ji, S~^) is an admissible triple for W2 x Wi. 

For admissible triples c = ( Ji, J2, 6) and c' = ( J(, J2, S') for Wi x W2, 
we say that c' ^ c if J( C Ji, J2 C J2 and 6' = 6 \w,, ■ 



1.6. Let c = (Ji, J2,(5) and c' = {J[,J2,S') be two admissible triples. 

Let T{c,c') be the set of all sequences J2^^\w["'\w^'')n^o where 

jj"^ C Ji, Js^"^ C J^, wS"^ e W^i and e 1^2 are such that 
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(a) Jf) = Ji,j;(°)=5^°)jinJ^; 

(b) J{"^ = r^(4"-'y V;^"-') n Ji for n^l- 

(c) j;^") = J{") n 4 for n ^ 1; 

(d) wi"^ G -^^Py/^"', G ■^^'"V/^ for n ^ 0; 

(e) G e for n ^ 1. 



Proposition 1.7. (j}"'^ J2^"\ u'l"'^ t(;2"'^)„^o {w^r^^w^^) form » 
is a well-defined bijection (j) : T{c, c') -^^Wi x W2^. 

Let (J{"\ 4^"^ , Wi'^^ i(;2"^)„^o £ ^(c, c'). We prove by induction on 
n ^ that 

(a) c c 

For n = 0, jj'^ C = Ji- Now C ^ C Ji and 

= mm{wPWj(o)). By Lemma L3, («;!°V^(<^0"^'>^?^^ C Ji. Hence 

Assume now that n > and that (a) holds when n is replaced by n — 
1. Then C J^^"^ C J^^""') and w^^'"'^ = min(W^ 

By Lemma 1.3, w^~^^5j[^~^^^ C Hence 

Similarly C 7^^"^ 

(a) is proved. 

Now since Ji, /2 are finite sets, there exists no ^ 1 such that — 
and J2^'*'' = J2^~^^ for n ^ no. For such n we have 

Thus = w^" Similarly ■U72"^'' = w^2^ ^\ Thus is well-defined. 
Wc set Wi = w["^^ and W2 = ^2'"'' fo^ m ^ 0. 

By 1.6 (a) and (d), wi G w^"^ l^^w . Since w^"^ G H^'^" , we have 
that 

(b) w^^^ = m.m{wiWjin)). 
Similarly, 

(c) w^^ = min(iy /(„)W2). 

Now assume that <^[{j["'\ J2^^\w^^\w2^^)n^o) — {wi,W2). We show 
by induction on n ^ that 
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For n = this holds since 

■'2 

Assume now that n > and that (d) holds when n is replaced hj n — 
1. From 1.6 (b), we deduce that = jf ^ = ^-^(m;^"-'^! J2^""'^n Ji. 
From (b), we deduce that = w^^ = mm{wiW By 1.6 (c), we 

deduce that Ja*'"'' = ^2*'"^- From (c), we deduce that w^'^ = 
Thus (d) holds and is injective. 

We define an inverse to 0. Let {wi,W2) E ■^^Wi x W2^, we define by 
induction on n ^ a sequence J2^\ w^^\ w^^)n^o as follows. 

We set = Ji, wf^ = mm{wiWjJ, j'^^^ = n and 

wf^ = min(W^ '(0)^2). 

Assume now that n > and J2^'^~^\ w^{^~^\ w^~^'' are de- 

fined. We define jj"^ = 5-i(w$''"^V^^2^""^^n Ji, wj"^ = mm{wiWjn)), 

Jg*'"^ = S'w^^J^"'^ n J2 aiid ^2"^ = mm{W i(„)W2)- This completes the 
inductive definition. 

Now for n ^ 1, G WiW^,(n) and Wi G (n-i). Hence 

Similarly, w^^ G '(„-i)W2"~^''. 

■^2 

For n ^ 0, Wi = ^["^x for some x G and Uwi) = Uwi"^) + 

Now for V G PVji, l{vwi) = l{v) + l{wi) since Wi G "'iVTi. On the other 
hand, l{vw'\^^x) ^ l{vw^^^) + l{x). Then /(t>) + l{w^^^) = l{vwf^'^) and 
^i") G -^iW^i. 

Similarly, w^"^ G 

Thus ( ), «;("^)„^o e r(c, c'). 

We show that w^^^ = wi and = W2 for m ^ 0. 

For any n ^ 0, we have Wi = Wi'^'u and W2 = vw^^ for u G Vr,(n) 

and V G Since wi G ^^VTi and ^ -^^VTr , by pi 2.1(b)], 

Assume that n » 0, we have jj^^ = jf""'^ and j;^"^ = j;^"-'^ By 
1.6 (b) and (c), 

tlJj"UttK^^;^"^nJ2)^ttJ;^"\ 
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Hence ftjj"^ = p'^^""^ and 

(e) WrJi"^ CJ[,W^'J',^''^ 

(f) Jj") = riw;2~''^2^"\ 4^"^ = J}"^ 

So w e •^i*"*n«;rij(|y^ ^ -^^Vi. Notice that e W^,(n). Thus = 1 and 

wi — Similarly, W2 — 

Thus wc have defined a map ip : ■^iVFi x ^^2'^^ '^(c, c') such that 
(p oip — id. Hence is bijective. The proposition is proved. 

Corollary 1.8. For wi e -^^Wi and W2 G W2'^ , define 

I{wi,W2,c,c) = max{_ftr C Ji;wi{K) C J[ and 6'wiK = W2SK}. 

Let J2^"'\wi^\w2^^)n^o be the element in T(c,c') whose image 

under (j) is {wi, 102). Then I{wi, W2, c, c') — Ji"-* for n ^ 0. 

By (e) and (f) in the proof of the proposition 1.7, we have that 
J^"^ C Ji,wi(4''^) C J[ and = W25ji'"'^ for n > 0. Thus 

Ji"'* C /(wi, W2, c, d) for n ^ 0. 

Now set I'{wi, W2, c, d) = S'wil{wi, W2, c, d). It suffices to prove that 
for n ^ 

I{wi,W2,c,d) C Ji""* and I'{'Wi,W2,c,d) C J2^^ ■ 

We argue by induction on n. For n = 0, /(wi, W2, c, c') C jf' = Ji. 
Now 

wiI{'Wi,W2,c,d) C J(,t(;]"^wi/(wi,u'2,c, c') = /(wi, ^2, c, c') C Ji. 
Notice that u^^^^ = m.m{wiWj^) . By Lemma 1.3, 

(wf^)"^Wi/(wi,W2,c,c') C Ji. 

In other words, WiI{wi,W2,c,d) C w^°^Ji fl J( and I'{wi,W2,c,d) C 
Ji n J^. So (a) holds for n = 0. 
Assume now that n > and that (a) holds when n is replaced 
by n — 1. Then W2SI{wi,W2,c,d) = I'{wi,W2,c,d) C J2^^ and 
= min(iyy(„_i)-u;2)- By Lemma 1.3, ^^SI{wi,W2,c,d) C 

J2^''-'\ Hence /(Ji, w;2, c, c') C 5-1(4""' V-/?""'^ H Ji = jj"). 

Notice that Wi^wil {wi,W2, c, d) = I{wi,W2,c,d) C and w^"^ e 
min(u'iiy^(n)). By Lemma 1.3, (wi^^)~^WiI{wi,W2,c,d) C j}"^. Hence 

/'(wi, W2, c, d) = 6'wil{wi, W2, c, d) C n = Ja^"^ 

The Corollary is proved. 
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1.9. Below is a variant of the above results. 

Let T'{c,c') be the set of sequences J2^^\w^\'w^^)n^o where 

C Ji, J2^"^ C 4, w'i"^ e Wi and wi^^ G W2 are such that 

(a) ji'^ = 6-\wf'Y'4nJ„j',^'^ = 4; 

(b) Jj"^ = V;^"^ n Ji for n^l, 

(c) j;^") = S'w^r'^i''-'^ n for n ^ 1; 

(d) w'C^ e '''^wfi"\wi''^ e -^^V/^ for n ^ 0; 

(e) wi") e e 4"-') for n^l. 

Then (J^^^ J2^^\w^\w^^)n^o 1— > (u»i"*\ ^2"*^) for m » is also a 
well-defined bijection T{c, c') ^-^^WiX W^^ and /(wi, W2, c, c') = j{") 
for n > 0. 

2. The Wc' x Wc-stable pieces 
2.1. To each element {wi,W2) G VTi x 1^2 we associate a sequence 

/ j{n) j'{n) (n) (n) (n) (n) (n) (n)v j{n) j j'{n) j, 

[Jl , J2 ,^1 ,^2 ,Ui ,U2 ,Vi ,V2 jn^O Wltn C Ji, J2 ^ 

and v5") e iy2. We set 

jf) = J,,Mf) = min(W^jjWi),wi°) = min{uf^Wj,),vf^ = Wi{ufY\ 
= 5'wi°)ji n J^,Mf = mm{6\vf'^)-^W2Wj,), 

Assume that n > 1 and that J2^~^\w^^~^\w^~^\v!{~^\ 
u^2 ^\v2' are already defined. Let 

= r^(«;^"-'))-V;("-') n J,Mi~^ = min(iyjjii("-')r^(^;("-'V'), 
^/;!") = min(4"% ,(„)), ^("^ = 4"-')r^(^;?-'V^(4"y \ 

J>) = Jj") n J^,4"^ = min(5'(t;S"))-i4"-^)l^,,), 

4") = min(^y(„)4")),4-) = 

•^2 

This completes the inductive definition. 
Lemma 2.2. We keep the notation in 2.1. Then 
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1.6 (a), (b), (c) and (d) are automatically satisfied. By definition, 
e Wj> and vf^ e Wj^. Now we prove by induction on n > 1 that 



For n = 1, we have 

««=min(iyj;nS°)r^(t;f)-i), 

Notice that wf^ G ■^'^wf'°\ By (HH Lemma 3.6], 

Hence G VT,,,, , 'm and wj^^ G w^^^Wao). 
We also have that 

Notice that wf^ G '^'^^''^W^^. By (HU Lemma 3.6], 

Hence fj"'^'* G and Wg^'* G Wy(o)'w^2^ . 

Assume now that n > 2 and that (a) and (b) hold when n is replaced 

in) 

by n — 1. Then we can show in the same way that v{ G W^^,y^y 

G w^^^ G and w'^^^ G ' The 

lemma is proved. 

2.3. We define a map vr : VTi X 1^2 ^ ^^W^i X Wi^ as follows. 

Let ( J;["\ J2^"'', w^"'^ ti'a"^ Ml"'', ^2"^ ?^2"'')n>o be the sequence as- 
sociated to {wi,W2) G Wi X W2- By the previous lemma. 

Now set 

7r(wi,u72) = J2^"^w!"\^^;^"^)„^o)• 
This completes the definition. 

For (^1,^2) G "'iWi X , set [tui, W2, c, c'] = 7r~-'^(wi, 1172). Then 

1^1 X 1^2 = U^^^^^^^^,,^^^^.,K,i/;2,c,c']. 



("), 
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Proposition 2.4. Let (^1,^2) e -^'^Wi x W2' ■ Then 

(1) [u;i,W2, C,C'] = Wc'{WiWi(y,^^^^^c,c'),W2)Wc. 

(2) Define an automorphism a : W7(^i,tt,2,c,c') W/{«;i,«;2,c,c') by 

a{w) = [w2^5'{wiwwi^)w2) ■ 

Then map Wii^wj^^w2,c,c') Wi x W2 defined by w {wiW,W2) induces 
a bijection between the a-twisted conjugacy classes on Wj(u,j^^w2,c,c') o^nd 
the double cosets Wc'\[wi,W2,c,c']/Wc. 

Remark. By part (1), for each {wi,W2) € '^'^Wi x W2^, the subset 
[wi,W2,c,c'] of Wi X W2 is stable under the action of Wc' x Wc- We 
call [wi,W2,c,c'] a Wc' x Wc-stable piece ofWi x W2- 

Let J2^'^\w'i'\w^\u[^\u'^\v'i'\v^'*)n^o be the sequence as- 

sociated to {w[,w'2) eWiX W2- 

By definition, G w^j^^W jn) for n ^ 0. By (e) in tlie proof of 

Proposition 1.7, w^^Wjn) C Wj'W^^ for n ^ 0. Since u^J^\w^^ G 

1 

"^^Wi, we have that 

(a) M^^"-* = w^"-* for n 0. 
Similarly, 

(b) M^") = w^^^ for n > 0. 

By definition, {w[,W2) and (Mf\5'(^fV' 1^2) are in the same Wc' x 
Wc-coset. We can show by induction on n ^ that 

(c) K,^), («S")r^(t;f and (^^'^ '^'(^^'^'4"^) 
are in the same Wc' x M/c-coset. 

Now suppose that 7r{w[,W2) = {wi,W2). For n ^ 0, we have u^^^ = 
wi and u'^^ = W2. Moreover, 6~^{v^2^^) G Wj(n) = W0-(«,i,«,2,c,c')- Thus 
by (c), {w[, w'2) G [wi, W2, c, c']. On the other hand, it is easy to see that 
for V G Wi(^y,-^^w2,c,c'), 'n-{wiV,W2) = (^1,^2)- Therefore [wi,W2,c,c'] = 
Wc'iw.Wj^ 

Wl ,W2,C,C'j ) W2)Wc. 

Part (1) is proved. 

For all X G H^«,i/(«,i,«;2,c,c') and y G W7(tt,i,t„2,c,c0, 

Wl ,W2,C,C') ) Wl ,W2,C,C')y W2Wsi(wi,W2,c,c')) 

On the other hand, assume that {x,6'{x)){wiV,W2){y,S{y)) = {wiv',W2) 
for X G y G PVji and G VF/(^j^^2,c,c')! then xwivy = Wiv' and 
5'(x)tt;2<5(l/) = ^2. By |Hll Lemma 3.6], (5'supp(a;) = W2Ssupp{y) and 

w^^ (supp(x) U wjiwi, W2, c, c')) = supp(?/) U I{wi, W2, c, c'). 
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Therefore, 

wi(supp(?/) U/(wi,W2,c, c')) e J[, 

5'wi (supp(y) U I{Wi, W2, C, C')) = W25 (supp(|/) U I{Wi, W2, c, c')) . 

Hence supp(?/) C I{wi,W2,c,c') and 6'{x)w26{y) = W2- 

Now define the action of lV^i/(»i,«;2,c,c') on (tyiPV7(»i,t„2,c,c'), ^2) by 

X- {wiV,W2) = [xWiv5'^W25\x)~^W2,W2). 

Then the inclusion map (wiW0-{«,i,io2,c,c')) ^2) ['Wi,W2,c,c'] induces a 
bijection between the Wwii(wi,w2,c,c')-OThits on (wiW0-(u,i,u,2,c,c')! ^2) and 
the Wc' X PFc-cosets in [wi,W2,c,c']. 
Part (2) is proved. 

Corollary 2.5. Eac/i double coset in Wc'\iWi x W2)/Wc contains at 
most one element of the form {wi,W2) with Wi G W'^'^ and W2 G "^^ly , 

Let {wi,W2),{w[,W2) G "^iVTi X W2^. By part (1) of the previ- 
ous Proposition, Wc'{wi,W2)Wc C [wi,W2,c,c'] and W^cK"^!? '"^2)^c C 
[w^, ^2, c, c']. In particular, if Wc'{wi,W2)Wc = Wc'{w[,W2)Wc, then 
[wi, W2, c, c'] n [w']^, W2, c, c'] 7^ 0. By the definition, (wi, W2) = {w'l, w'2). 
The corollary is proved. 

It is also worth mentioning the following consequence. 

Corollary 2.6. Let {W, I) he a Coxeter group. Let J., J' C / and 

5 : Wj — * Wji he an automorphism with 6 {J) = J' . Define the action 
ofWj on W hy X ■ y = xy6{x)~^. For w G W"' , set 

I{w, 6) = max{K C J'; 6wK = K}, [w, 6] = Wj ■ {wWi^y^^s))- 
Then 

(2) For w G W"^ , define an automorphism a : Wj^w^s) hy 
a{y) = 6{wvw~^). Then map Wj(w^s) W defined hy v ^ wv induces 
a hijection hetween the a -twisted conjugacy classes in Wj(^w,s) and the 
Wj-orhits in [w,6]. 

Let {Wi,Ii) = {W2,l2) = (WJ), c = {J,J',6) and c' = {I, I, id). 
Then the map Wi x W2 — > W defined by {wi, W2) 1— > Wi'^W2 induces a 
natural bijection Wc'\(Wi x W2)/Wc to the W^j-orbits on W. Now the 
corollary follows easily from Proposition 2.4. 

3. Minimal length elements 

3.1. We follow the notation in |GP2l section 3.2]. 

Let (W, I) be a Coxeter group. Let J, J' C I and 6 : Wj — > Wj' be an 
automorphism with 6{J) = J'. Given w,w' & W and j G J, we write 

w -^s w' if w' = Sjw6{sj) and l{w') ^ l{w). Uw = Wq, Wi, ■ ■ ■ ,Wn = w' 
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is a sequence of elements in W such that for all k, we have Wk^i -^s Wk 
for some j G J, then we write w -^5 w'. 

We call w,w' E W elementarily strongly 6-conjugate if l{w) = l{w') 
and there exists x G Wj such that w' = xw6{x)~~^ and either l{xw) = 
l{x) + l{w) or l{w6{x)^^) = l{x) + l{w). We call w,w' strongly 6- 
conjugate if there is a sequence w = Wo,Wi,--- ,Wn = w' such that 
is elementarily strongly (5-conjugate to Wi. We will write w ~5 w' 
if w and w' are strongly 5-conjugate. 

If w ~5 w' and -^5 w', then we say that w and w' are in the same 
5-cyclic shift class and write w w'. For w E W, set 

CjCg{w) = {w' G W; w ~5 w'}. 

If w' G Cyc5(w) for all G with w w', then we call the 
(5-cyclic shift class terminal. It is easy to see that if w is an element of 
minimal length in {xw6{x)~^; x G Wj}, then Cyc^(w) is terminal. 

The following result is proved in ^GPlj for the usual conjugacy classes 
and in |GKPj for the twisted conjugacy classes. 

Theorem 3.2. Let {W, I) be a finite Coxeter group and 6 : W ^ W be 
an automorphism with 6{I) = I. Let O be a 6 -twisted conjugacy class 
in W and Omin be the set of minimal length elements in O. Then 

(1) For each w E O, there exists w' G Omin such that w ^5 w' . 

(2) Let w,w' G Omin; then w ~5 w' . 

3.3. Let h (resp. I2) be the length function on Wi (resp. W2). Define 
the length function I on Wi x W2 by l{wi,W2) = h{wi) + l2{w2) for 
wi G Wi and W2 G W2. For each double coset O in Wc\{Wi x W2)/Wc, 
we set 

Cmin = {w G C; /(w) ^ /(w') for all w' G C}. 

Now following the convention of Fomin and Zelevinsky, we consider 
Wj^ X Wj-^ as a Coxeter group with simple reflections s^i (for i E J[) 
and Sj (for j G Ji). 

Given w, w' G H^i x and i E J[, we write w — ^c,c' w' if w = 
(Si,5'(si))w' and /(w') ^ /(w). 

Similarly, given j E Ji, we write w -^c,c' w' if w = w'{sj, S{sj)) and 
/(w') ^ /(w). 

If w = Wo, wi, ■ ■ ■ , w„ = w' is a sequence of elements in Wi x W2 
such that for all k, we have Wfc_i ^c,c' for some i E —J[ U Ji, then 
we write w —>-c,c' w'. 

We write w ~c,c' w' if there exists a sequence w = wq, wi, ■ ■ ■ , w„ = 
w' such that 

^(wfc+i) = /(wfc), Wfe+i = (xfc, 5'(xfc))wfc(?/fc, 5(?/fc)) 
and either 



l{{xk, l)wfc(l, S{yk))) = h{xk) + /(wfc) + li{yk) 
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or 

/((I, 6'{xk))wk{yk, 1)) = li{xk) + /(wfe) + li{yk) 

for all k and some Xk G VTjj, G W^Ji- 

We write w ^c,c' w' if w — *c,c' w' and w ~c,c' w'. 

Proposition 3.4. Let {wi,W2) G ■'''^WixW2^ and O is a double coset in 
Wc'\[wi, W2, c, c']/Wc that corresponds to the a-twisted conjugacy class 
O' in Wi(^wi,w2,c,c') via the map in Proposition 2.4 (2). Let O'^^^ he the 
set of minimal length elements in O' . Then 

(1) For each w G (9, there exists v & O' such that w ^c,c' {wiv,W2)- 

(2) If w G Cmin; then there exists v G O'^^^ such that w ~c,c' 

Let J2^"\w'i'\w^\u^^'\u2'\v['^'\v2'^^ be the sequence as- 

sociated to w = {w[,W2). Then it is easy to see that 

W -^c,c' l«l ,0 [Vi ) W2) -^c,c' [Ui [V2 ) ,U2 ) 

and for n ^ 0, 

By the proof of Proposition 2.4, ■u^"'' = Wi, u^^'' = W2 and S~^{v^^) G 
C for n ^ 0. Thus w — >^c,c' (wiv, W2) for some v G O'. 
Part (1) is proved. 

If moreover, w G Cmin, then {wiv, W2) G Cmin- By Proposition 2.4 
(2), i> G Omin. It is then easy to see that 

and for n ^ 0, 

In particular, (i(;ii',W2)- Part (2) is proved. 

Now combining the above Proposition with Theorem 3.2, we have 
the following consequence. 

Corollary 3.5. Let {wi,W2) G -^'^WiX W2'^ with VF/(^^_^2,c,c') is a finite 
Coxeter group. Let O G Wc'\[wi, W2, c, c']/Wc. Then 

(1) For each w G there exists w' G Cmin such that w — >c,c' w'. 

(2) Let W, W' G Omin; ^^671 W ~c,c' w'. 

Remcirk. By definition, if Wj^ or Wj^ is a finite Coxeter group, then 
Wi(^wi,w2,c,c') 'is also a finite Coxeter group. 
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Lemma 3.6. Let {W, /) be a Coxeter group and 6 : W ^ W be an 

automorphism with 6{I) = I. Let w & W with 6{w) = . Then 
w — Wj for some J = 6{J) C /. Moreover, Wj6{sj) = SjWj for 
j E J and Wj has minimal length in its a-conjugacy class in W . In 
particular, xSlx)^-^ —>-s 1 for all x G W . 

Remark. This is a generalization of Richardson's theorem in [Rj. Our 
proof is similar to the proof of |GP2l 3.2.10] which was essentially due 
to Howlett. 

We argue by induction on l{w). For w = 1 this is clear. Suppose that 
l{w) ^ 1. Since 5{w) = w~^, we have that {i G TJ{siw) < l{w)} = 
{i e T,l{w6{si)) < l{w)}. Set 

J = {i E 1] SiW = w6{si), l{siw) < l{w)}. 

Then w = wjw', where wj is the maximal element in Wk and w' G "'W. 

If w' = 1, then w = wj = 6{wj)~^ and S{J) = J. Now for 
X = ah with a G W'^ and h G Wj, xw6{x)~^ = a(bw6{b)^^)6{a)~^ = 
awjS{a)~^. So l^xwS^x)"^) ^ l{awj) — /(a) = l{w). 

If w' 7^ 1, then there exists i E I with l{w'5{si)) < l{w'). Hence 
l{wS{si)) < l{w) and l{siw) < l{w). If i E J, then SiW E Wjw', 
wS{si) E Wjw'6{si) and w',w'6{si) E "^W. Hence SiW ^ w6{si). 
That is a contradiction. Hence i ^ J. By |GP2l Lemma 1.2.6], 
l{siw6{si)) < l{w). Hence w Siw6{si). Now the proposition fol- 
lows from induction hypothesis. 

Now combining the above Proposition with Proposition 3.4, we have 
the following consequence. 

Corollary 3.7. Let {wi,W2) E ^'^Wi x W^^ and O = Wc'{wi,W2)Wc. 
Let w E O. Then w — ^c,c' {u!i,W2)- If moreover, w G Omin; then 

W ^c,c' {Wi,W2). 

It is also worth mentioning the following consequence which is a 
generalization of Theorem 3.2. 

Corollary 3.8. Let {W, I) be a Coxeter group. Let J, J' C / and 

S : Wj — > Wj' be an automorphism with 6{J) = J' . Define the action 
ofWj onW by X ■ y = xyS{x)~^. Let O be a Wj-orbit in W and Cmin 
be the set of minimal length elements in O. If moreover, Wj is a finite 
Coxeter group or OnW-^' ^ 0. Then 

(1) For each w E O, there exists w' E Oram such that w -^s w' . 

(2) Let w,w' E Omin, then w ~5 w' . 



Remark. The case when W is a finite Coxeter group was proved in 
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4. Distinguished double cosets 
Lemma 4.1. For (wi,W2) G H^i x W2, set 
W{wi,W2) ^{ve Wj,]5'Ad{wi){5-^Ad{w2y'^5'Ad{wi)Yv e M^j/ 
and {5-^Ad{w2)'^5'Ad{w^)y^^v e Wj^ for all n ^ 0}. 
Then 

(1) W{wi, W2) = Wi^^.^^^^cc') for {wi, W2) e-^'^WiX W(\ 

(2) W{ui[av'2) = W^5-l7K,K,c-l,(e')-) M K, w',) G M//^ X ^^W^^- 

Part (2) is equivalent to part (1). So we will only prove part (1). 

Let (Jf\jf^ ,w^j"\w^^)n-^o be the element in T{c,c') whose im- 
age under the map (p defined in Proposition 1.7 is (^1,^2). Let v e 
W{wi, ^2). Then we can prove by induction on n ^ that 

S'Ad{wi){6-^Ad{w2r^d'Ad{wi))\ e Wjin), 
{S-^Ad{w2)-^S'Ad{wi)y'^\ e Wj^n+i). 
In particular, for n ^ 0, 

{S-^Ad{w2)-^5'Ad{wi)y^\ e 1^7(^1, c,c')- 

Hence v e lV7(«,i,«,2,c,c')- On the other hand W^/(^i,«;2,c,c') C ^^(^1,^2). 
Hence iy7(^„i,^2,c,c') = W{wi,W2). 
Part (1) is proved. 

4.2. A double coset O in Wc/\ ( VFi x W2) /Wc is called distinguished with 
respect to c, c' if it contains some element {wi, W2) with wi e "^iVFi and 
W2 G W^2"'^- tbis case, we simply write l{0,c,c') for I{wi,W2,c,c') 
and [O, c, c'] for [wi, W2, c, c']. 

The minimal length elements in distinguished double cosets are called 
distinguished elements in Wi x W2 with respect to c, c'. 

Proposition 4.3. £'ac/i element in W^'^ x -^zVl/g is a distinguished el- 
ement in Wi X W2 with respect to c, c'. 

Let w'l e ly/i and e -^^^a- Then ( w[,W2) is of minimal length 
in Wc'{w[,W2)Wc. By Proposition 2.4, we may assume that (^'1,^2) = 
(x,5'(a;))(wit;i,W2^;2)(y,(^(y)) for some x G W^jj, y G Vl^ji, e -^^1^1, 

W2 e W2\ vi e Wi(^uii,w2,c,c') and V2 e Wsi(^u,uw2,c,c')- It is easy to 
see that we may assume furthermore that x e j/j/J (^i'^2,c,c ) ^ ^ 
^/^(uii,io2,c,c )^ where I'{wi, W2, c, d) — 5'wil{wi, W2, c, d). 
By Lemma 4.1, 

M^5-i7K,«;'i,c-i,(c')-i) =y"^H^(wi,'u;2)?/ 
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Hence 6 ^I{w'2,w[, c S (c') ^) = y ^I{wi,W2,c,c'). Thus xviy G 
Ws-ii{u,'2,w[,c-\{c')-^) and xwiy{y 'vy) = E 

Hence y~^viy = 1 and vi = 1. Similarly, t>2 = 1. Then {w[,W2) G 
Wc'{wi,W2)Wc and (1^^,1(72) is a distinguished element. 
The proposition is proved. 

In the rest of this section, we will introduce a partial order on the 
set of distinguished double cosets. 

Lemma 4.4. Let O G Wc'\(^i x ^^2)/^^ and w G Cmin- If w w' 
and w[ ^c,c' w', t/ien there exists Wi G 0min with Wi ^ w'^^. 

It suffices to prove that for any i G —J[L\Ji and w'^^ G VTi x with 

-^c,c' w', there exists wi G Omin with Wi ^ w'^. 
There are two cases: 
Case 1: w'^ = (sj, 5'(sj))w' for i G J(; 
Case 2: w'^ = w'(sj,5(si)) for z G Ji. 

We will only prove for Case 1. Case 2 can be proved in the same 
way. 

Assume that w' = (^'^,^2) and w = (^1,^2)- If ^(wi) > /(w'). 
Then w ^ w' ^ Now assume that /(wi) = /(w'). Without loss of 
generalization, we may assume that Siw[ < w[ and 6'{si)w2 > W2. 

If SiWi > wi, then by [LT, Corollary 2.5], we have that wi ^ Siw[. 
We also have that W2 ^ W2 < 6'{si)w2. Hence w ^ w'^^. 

If SiWi < Wi, then by |Lll Corollary 2.5], we have that SiWi < Siw[. 
Since 6'{si)w'2 > w'2 and W2 ^ ^2; then by [Lit Corollary 2.5], we also 
have that 5\si)w2 ^ 5'{si)w'2- Hence (s,, (5'(sj))w ^ Moreover, 
since SiWi < wi, /((sj, 5'(si))w) ^ /(w) and w G Cmin, we have that 

(Si,5'(Si))w G Omin- 

The lemma is proved. 

Now combining the above lemma with Corollary 3.8, we have the 
following consequence. 

Corollary 4.5. Let O G Wci\{Wi x W2)/Wc- If moreover, any of the 

following condition holds: 

(1) Wji or Wj^ is a finite Coxeter group; 

or (2) O is a distinguished double coset, 

then Omin = {w G O; w a minimal element in O}. 

Here is another consequence. 

Corollary 4.6. Let O, O' be distinguished double cosets in Wc'\{Wi x 
W2)/Wc- Then the following conditions are equivalent: 

(1) For some w' G Omin, there exists w G Omin such that w ^ w'. 

(2) For any w' G Cmin; there exists w G Cmin such that w ^ w'. 
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4.7. Now we define a partial order on the set of distinguislied double 
cosets in Wc'\(Wi x W2)/Wc as follows: 

O ^ O' if for some (or equivalently, any) w' G Cmin; there exists 

W e Cmin with W ^ w'. 

This partial order will be used in the next section to describe the 
closure relations of the so-called TZc x 7?.c-stable pieces. 

5. TZc X 7?.c-STABLE PIECES AND HECKE ALGEBRAS 

5.1. For i = 1, 2, let Gi be a connected reductive algebraic group over 
an algebraically closed field k, Bi be a Borel subgroup of Gi and Tj C Bi 
be a maximal torus. Bi and Tj determine a Weyl group Wi and the set 
li of its simple reflections. For w G W , we use the same symbol w for 
a representative of w in N(T). For each subset J, of Jj, we denote by 
Pj. the standard parabolic subgroup of type Jj, Lj^ the Levi subgroup 
of Pj. that contains Tj and ttj. : Pj- Lj- the projection map. 

For any subvariety X of Gi x G2, we denote by X its closure in 
Gi X G2. 

An admissible triple of Gi x G2 is by definition a triple C = ( Ji, J2, ^^5) 
consisting of Ji C h, J2 C I2, an isomorphism 6 : PV^j^ — > PVjj with 
S{Ji) = J2 and an isomorphism 6s : Lj^ — > that maps Ti C Lj^ 
to T2 C Ljj and the root subgroup f/a- C Lj^ to the root subgroup 
t/a^j.j C for i G Ji. To each admissible triple C = {Ji,J2,9s), we 
associate a subgroup TZc of Gi x G2 defined as follows 

Tic = {{p,q);p^ Pji,q^ Pj2^0s{t^jAp)) = 7rj2(g)}- 

Moreover, each admissible triple C = ( Ji, J2, Gs) of Gi x G2 determines 
an admissible triple c = (Ji, J2,5) of VTi x W2. We also set Be = 

7^c^(5l,52). 

Notice that if Gi = G2 = G, Bi = B2 = B, = T2 = T and 
Ii = I2 = I , then 7^(7 / j^^) is the diagonal subgroup Ga of G x G and 
Be = 5a. 

In fact, in |LYj . they consider a slightly more general class of the 
groups TZe- However, the results below can be easily generalized to the 
more general setting. 

5.2. Now given admissible triples C = {Ji, J21G5) and C = ( J(, Jg, 9s') 
of Gi X G2. Let c = ( Ji, J2, 5) and c' = ( J(, Jg, 5') be the corresponding 
admissible triples of Wi x W2. For {wi,W2) G "^iW^i x 1^/^, define 

[wi,W2,C,C'] = IZe'iBiWiBi, B2W2B2)'JZe. 

We call [wi,W2, C,C'] a T^-c x 7?.c-stable piece of Gi x G2. 

Proposition 5.3. Let {w[,w'2) be a distinguished element in Wi x W2 
with respect to c,d and tt{w'i,W2) = (1^1,^2). Then 

K,W2,C,C'] = ne'{Biw[B,,B2w'2B2)ne'. 
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Remark. Thus for a distinguished double O in Wc'\{Wi x W2)/Wc, 
we may write [0,C,C'] for [wi,W2,C,C'] where (^1,^2) is the unique 
element in O (1 {-^iWi x W^'^). 

Let J2^''\w'f'\w^\u[^\u'^\v'i'\v^'')n^o be the sequence as- 

sociated to (^^,^2). By the proof of Proposition 3.4, 

7^c'(5l^5l,52^52)7^c' = 'JZc'iBiuf'^BuB26'{vfY'w'2B2)nc' 

= na{B,ufh-\vf^)-'B,, B2uPB2)'JZc' 

and for n ^ 0, 

na{B,{uth-\vt^)-'B,,B2U^^^B2)na 
= TZaiB.u^r^'^B,, B26\vt^'\'u^^^B2)na 
= na{B,ut^'H-\vt^\'B,,B2U^r'''B2)na. 

By the proof of Proposition 2.4, m^"^ = wi, Wg"'' = W2 for n ^ 0. 
Moreover, since l{w'i,w'2) = l{wi,W2), we have that = 1 for n 3> 0. 
Thus [wi,W2,C,C'] =nc'{Biw[Bi,B2w'2B2)nc'. 

The proposition is proved. 

Now combining the above proposition with Proposition 4.3, we have 
the following consequence. 

Corollary 5.4. lZc'{BiWiBi, B2W2B2)lZc is a IZc x Tic-stable piece 
for {wi,W2) G H^/' X ■^'^W2- 

Remark. In [LYJ, Lu and Yakimov define the TZc x TZc-stable piece 
using W^^ x ^^W2 instead of '^'^Wi x W2'^ . Now we can see from the 
above corollary that our definition coincide with theirs. 

We may reformulate the above corollary in a different way. 

Corollary 5.5. Let d : Gi x G2 —>■ G2 x Gi be the map defined by 
{.91192) ^ {92,91)- Then d sends a TZc x TZc-stable piece of Gi x G2 
to a 7Z(c')~^ ^ lZc~i-stable piece of G2 x Gi. 

Remark. A special case of the corollary has been proved in |H3l Propo- 
sition 2.5]. The proof here is simpler. 

We also have the following properties of the IZc x 7?.c-stable pieces 
which were proved in [LY ] generalizing some results of the G-stable 
pieces obtained in pL3j. 

Proposition 5.6. (1) Gi x G2 = U^^^^^^^^j^^^^^j,[wi,W2,C,C']- 

(2) Let {wi,W2) €"'1 Wi X . Define an automorphism 9^ : 
Li(u,^,ui2,c,c') -^^/(u;i,u,2,c,c') by e„{l) = 0^^[w2^es{wilw^^)w2). Thcn 
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map i^/(u;i,u;2,c,c') Gi X G2 defined by I — > {wil,W2) induces a bijec- 
tion between the 9„-twisted conjugacy classes on I>7(«,i,«,2,c,c') (ind the 
double cosets 7lc'\[wi,W2,C,C']/7lc- 

Remark. This proposition is an analogy of Proposition 2.4- In fact, 
we can prove this proposition using a modified version of the inductive 
method in 2.1. The case for the G -stable pieces was showed in this way 
in [ml 4.3 & 4.4]. 

The following property of the IZa x 7?.c-stable piece will be used to 
study the closure relations. 

Lemma 5.7. Let w be a distinguished element in Wi x W2 with respect 
to c,c'. Then 7lc'iTi,T2)w7lc is dense in the Tic x Tic-stable piece 
nc'{Bi,B2)w{Bi,B2)nc. 

By Corollary 3,7, it suffices to prove the case where w = {wi, W2) G 
•^^Wi X In this case, by part (2) of the previous Proposition, 

TZc'iBi, B2)w{Bi, B2)TZc = TZc'^{Li^^^^^^^c,c'), l)^c- 

Let 9o- : -Z^/(«,i,io2,c,c') Liiwi,w2,c,c') be the automorphism defined in 
part (2) of the previous Proposition. Then 

7^c'(Tl,T2)w7^c = 7^c'w(L', l)7^c, 

where L' = {lt9„{l)^^; I G -^^7(w,i,«,2,c,c')) ^ ^ T}- By |Sp[ Lemma 4], L' is 
dense in i^/(«,i,«;2,c,c')- Hence 7lc'{Ti,T2)w7lc is dense in [wi,W2,c,c']. 
The lemma is proved. 

Proposition 5.8. Let w G W^i x W2, then 

nc'iB,,B2)w{B,,B2)nc = Uo[C, C, C] 

where O runs over the distinguished double cosets in Wc'\{WixW2) /Wc 
that contains a minimal length element w' with w' ^ w. 

Remark. This was first proved in |LYl Theorem 5.2], which is a gen- 
eralization of |H2l Corollary 5.5]. 

We will simply write TZ for TZc x TZc and B for Be x Be- Define the 
action of Be x Be on 7^c' x 7^c x (d x G2) by (bi, ba) ■ (gi, g2, g) = 
(git>]~"^; g2b^"'^, bigb^"*^). Let TZ Xg {Gi x G2) be its quotient space. 
Define the map 7^c'x7^cx(G'lxG2) ^ G'ixG2 by (gi,g2,g) ^ gigg2"^- 
Then this map induces a proper map TZ Xjs (Gi x G2) Gi x G2- In 
particular, 

7^c'(5l,52)w(5l,52)7^c = 7^c'(5l,52)w(5l,52)7^c. 

Now let O be a distinguished double cosets in W^c'\(^i ^ W2)/Wc 
that contains a minimal length element w' with w' ^ w. Then 

nc'{T^,T2)w'nc c 7^c'(5l,52)w'7^c c nclB^M^KB^MT^cc 
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By the previous lemma, 7lc'(Ti,T2)w'7lc is dense in [0,C,C']. Thus 

[O, C, C] C 7^c'(5l,52)w(5l,fi2)7^cc. 

Now it suffices to prove that 7^c'(5l, B2)w{Bi, 52)7^c C Uo[0, C, C] 
where O runs over the distinguished double cosets in VFc'\(^i ^ ^2) /W^c 
that contains a minimal length element w' with w' ^ w. 

We argue by induction on /(w). For w = 1, the statement is clear. 
Assume that /(w) > 1. Let {J^\ J2^"'\w["\w^\u^^\u^^\v[^\vi['^)n^o 
be the sequence associated to w. Then we can prove by induction on 
n that 

nc'{Bi,B2)w{Bi,B2)nc C Uw'<w7^c'(Sl,52)w'(Sl,52)7^c 
unciB^,B2){u^^^6-\vi''Y\ut^)iB^,B2)nc 

c Uw'<w7^c'(5l,52)w'(5l,52)7^c 

unc'{B,,B2){u^;'^'\6\v[^^'Y'^t''){BuB2)nc. 

By induction hypothesis and Proposition 1.7, the statement holds 
for w. The Proposition is proved. 

Corollary 5.9. Let O be a distinguished double coset in Wc'\(Wi x 
W2)/Wc. Then 

[0,C,C'] I— 'C is a distinguished double coset in W^i\{WixW2)/Wc,0' [o',c,c']. 

6. Unipotent character sheaves 

6.1. We follow the notation of |BBD] . Let X be an algebraic variety 
over k and I be a fixed prime number invertible in k. We write 'DlX) 
instead of Q/). If C G 'P(^) and A is a simple perverse sheaf 
on X, we write A -\ C if A is a composition factor of ^H^{C) for some 
i e Z. For A,B e T>{X), we write A = B[-] ii A = B[m] for some 
m e Z. 

Let ••■C„ G V{X). We write C G< Ci;i = 1,2,- ■■ ,n > if 

there exist m > n and C„+i, ■ ■ ■ , Cm G T>{X) such that Cm = C and for 
each n + 1 ^ i ^ m, there exists 1 ^ j, k < i such that Cj, Ck[-]) 

is a distinguished triangle in V^X). In this case, ii A -\ C, then A -\ Ci 
for some 1 ^ i ^ n. 

Let if be a connected algebraic group and X, Y be varieties with a 
free if-action on X x F. Denote by X Y the quotient space. For 
Ci G V{X) and C2 G V{Y) such that Ci K C2 is if-equivariant, we 
denote by Ci C2 be the element in T>{X Y) whose inverse image 
under X x y ^ X x^ y is Ci K C2. 

6.2. We keep the notation in 5.1. For wi G Wi, we denote by 

the trivial local system on BiWiBi. We also use the same notation 
for its extension by to Gi. Let Awi be its perverse extension to Gi, 
i.e., a perverse sheaf on Gi supported by BiWiBi and the restriction to 
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BiWiBi is £u,Jdim(i?iWii?i)]. We can define for W2 ^ 

in the same way. For w = (^1,^2) € Wi x 1^2, set = C^,^ Kl 
and = Ayj2 . 

We will simply write 71 for T^-c x IZc and S for x Be- Then we 
have a proper map n -.IZxq (d x G2) — * Gi x ^2- See the proof of 
Proposition 5.8. 

We call a simple perverse sheaf C on Gi x 6*2 a unipotent character 
sheaf with respect to C and C if C is a constitute of 7r!(Q;[dim(7^)]0^w) 
for some w G Wi x W2- This is a generalization of Lusztig's unipotent 
parabolic character sheaves in [L3j . 

We may also define character sheaves with respect to C and C by 
using tame local systems instead of trivial local systems. However, we 
will not go into details here. 

Recently, Springer told me that he also got a similar generalization 
of Lusztig's parabolic character sheaves. 

Lemma 6.3. Let w,w' e Wi x W2- Then 

(1) Ifw -^c,c' w' and /(w) > /(w'), then 

(2) Ifw ^c,c' w', then 

Remark. The proof is similar to [H2[ Lemma 3.9]. 

It suffices to prove the case where wi ^c,c' W2 for some i G —J[ U Ji. 
Without loss of generalization, we may assume that i E Ji. We assume 
that w = (^1,^2)- Then w' = (wiSj, W2S5(j)). Since /(w) ^ ^(w'), 
either wi > WiSi or W2 > W2Ss{i)- We assume that Wi > WiSi. The 
other case can be proved in the same way. 

Set Bj. = BiHLj.. For w G Wj-, let C'^ be the trivial local system on 
Bj.wBj.. Define the action of Bj- on Gi x Lj- by b- {g, g') = {gb~^, hg'). 
Let Gi x^-'i Lj- be the quotient space. 

Define the action of i3 on 7?.x ((Gi x-^'^iLjJ XG2) by6-(r, {g,g'),g2) = 
{rb-\{b-g,g'),b-g2). Let 7^XB ((Gi x^^^i LjJ XG2) be the quotient. The 
map TZ X ((Gi x'^-'i LjJ x G2) ^ Gi x G2 defined by (r, {g,g'),g2) ^ 
r ■ {gg',g2) induces a proper morphism 

/l,23,4 : 7^ Xs ((Gi x^-^i Lj,) X G2) Gi X G2. 

We may define in the same way the variety TZx^ (Gi x (G2 x Lj^)^ 
and the proper morphism /i,2,34 '-LIxq (Gi x (G2 x^-'^ Lj^)) — > Gi x G2. 

Now define an isomorphism l -.IZxq ((Gi X'^-'i LjJ x G2) -^IZx^ 
(Gi X (G2 x^^2 Lj,)) by 

((ri,r2),(<7,<7'),^?2) ^ {{riM{9r\0s{gr')).9.{92,es{gr')) 
for Ti G IZqi and r2 G IZc- It is easy to see that /i,23,4 = /i,2,34 ° 
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We have that 

= (/l,2,34)!(Q/ iC^,s, K {C^, 

Now the lemma follows from |MSt 4.2.1]. 
Notice that for w e Wi x W2, 

< TTliQi C^) >x<Cw = < T^\iQl ^x) >x<w • 

Then we have the following consequence. 

Corollary 6.4. Let w, w' eWixW2- Then 

(1) Ifw ^c,c' w' and /(w) > /(w'), then 

T^liQl ^w) e< 7r,(Qi A) >i(x)<i(w) • 

(2) Ifw ^c,c' w', then 

=7ri{Qi&A^'). 

Now combining the above results with Corollary 3.5, we have the 
following result which is a generalization of the key lemma in jH2l 
section 3]. 

Proposition 6.5. Let C be a unipotent character sheaf with respect to 
C and C . Then 

(1) C -\ Ti\{Q.i -^^w) for some w that is of minimal length in the 
coset Wc'wWc- 

(2) C is a constitute of ni^Qi A-w) for some w that is of minimal 
length in the coset Wc'wWc- 

In the rest of this section, we consider the Hecke algebras. 

6.6. Let {W, I) be a Coxeter group. Given a map L : I ^ Z with 
L{i) = L{j) for all i ^ j such that rriij is finite and odd. Let A = 
'Z[v,v^^], where v is an indeterminate. Set Vi = f^'-*-' G A. 

Let H be the ^-algebra defined by the generators T^. (z G /) and 
the relations 

(a) {T,^-v,)iTs^ + vr')=OfoTteI 

(t)^ J- Si '-^ 'sj '-^'si 'sj 's^ 'sj 

(both products have rriij factors) for any i ^ j m. I such that rriij < 00. 
Ti is called the Iwahori-Hecke algebra. 

For w eW,we define T^ = Ts^Ts,^ ■ ■ ■ , where w = Si^Si^ ■ ■ ■ Si„ 
is a reduced expression. 

For subset J of /, we denote by Hj the subalgebra of TC generated 
byT,^, (jG J). 
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6,7. Now let J, J' C I and 6 : Wj Wj/ be an automorphism with 
6{J) = J'. We assume furthermore that L{j) = L{6{j)) for i E J. 
Then there is a unique algebra isomorphism D : Hj^ Hj' such that 
D(T,J = T,,^^,, for J G J. 

Now we have the following result which is a generalization of some 
results in [GPl] and [GKP] . 

Proposition 6.8. We keep the notation of the previous section. Let 
( : H ^ A be a A-linear map such that C{h'h) = ({hD{h')) for h & TC 
and h' G Tij. Let O be a Wj-orbit in W , where the Wj-action on W is 
defined in Corollary 3.8. Let w,w' G Omin- If moreover Wj is a finite 
Coxeter group or OnW-^' ^ 0, then C(T^) = C(^«,')- 

Remark. Some functions satisfying the condition in the Proposition 
arises in the study of parabolic character sheaves. See [L2\ section 31]. 

By Corollary 3.8, w ~5 w'. Now it suffices to prove the statement 
for w' = xw6{x)~^ where x G Wj and either 
(a) l{xw) = l{x) + l{w); 
or (b) l{wS{x)-'^) = l{x) + l{w). 

We only prove the case (a). Case (b) can be showed in the same way. 

It is then easy to see that T^T^ = T^^ = Ty,'s(x) = T^'Ts{x') = 
T^'D{T,). Hence C(T^) = aT-\T,T^)) = C(T.T^^(T,)-^) = ({T^'). 
The proposition is proved. 

7. CUSPIDAL (T-CONJUGACY CLASSES 

In this section, we study the a-conjugacy classes of finite Weyl group 
of type ABD. We will combine the approach in |GP2l section 3] and 
Corollary 3.8 to obtain a new way to understand the a-conjugacy 
classes. 

7.1. Let a : W ^ W he an automorphism with (t(/) = /. For w G W, 
set supp^(w) = U„^oC""supp(w). Then supp^(w) is a cr-stable subset 
of/. 

A cr-conjugacy class O of W is called cuspidal if O fl Wj = for all 
proper a-stable subset J of /. 

Let V be the vector space spanned by ai (for i E I). We regard W 
as a subgroup of GL{V) and a as an element in GL{V) in the natural 
way. For w E W, set 

Pw,aiq) = det{q ■ idy - wa). 

Then it is easy to see that Pw,a{(l) = Pw',a{(l) if w is a-conjugate to 
w'. 

As in |GP2t Exercise 1.15], for w E W and i E I, define the length 
function li{w) as the number of generators in I conjugate to Sj occuring 
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in a reduced expression of W. Let d be the minimal positive integer 
such that cT'^(i) = i. Set 

d-l 
k=0 

Then it is easy to see that if w ~o- ui', then li^a{w) = k^aiw') for all 

iel. 

Lemma 7.2. // Wj is finite for any proper a-stable subset J and 
P«),cr(l) 7^ 0, then the a-conjugacy class of w is cuspidal. 

Remark. This is a generalization of |GP2l Lemma 3.1.10]. 

If w G Wj for some proper a-stable subset J of /, then supp^(w) ^ 
I. Set V = X^i^supp {w)^i- Then wa{v) = wv = t> + a for some 
a G Xliesupp (w) Since wa is of finite order, we may assume 

that (wcr)" = idv- Thus X]i<;j^n('^^)"'^ = nv + P for some P G 
^iesnpp^iw) ^^"i an eigenvector of wa with eigen- 

value 1. Hence p^^o-(l) = 0. 

The following Lemmas are obvious and we omit the proofs. 

Lemma 7.3. Let w G Wj and x G W"^ , then l{xwa{x)^^) ^ /(f). In 
particular, if J = <j{J) andw is of minimal length in its a \ j-conjugacy 
class in Wj, then it is of minimal length in its a-conjugacy class in W . 

Lemma 7.4. Let w,w' G W with w — >o- w' . Then supp^(u;') C 
supp^(w). In moreover, w ~o- w' , then supp^{w') = supPo.(w7). 



Now we state the main theorem in this section which is a general- 
ization of [nP2l Theorem 3.2.7]. 

Theorem 7.5. For a finite Coxeter group {W, I) and an automorphism 
a : W ^ W with a{I) = I, the following holds: 

(PI) Let w E W be such that supp^(ti') = / and that Cyc^(w) is 
terminal. Then the a-conjugacy class of w in W is cuspidal and w G 

(P2) Let O be a cuspidal a-conjugacy class of W . Then Cmin = 
Cyc^(M;) for any w G Cmin- 

(P3) Let O, O' be cuspidal a-conjugacy classes ofW and w G Omin, 
w' G Cmin- Then O = O' if and only ifPwA'i) ~ Pw',a{(l) o^nd UA'^) = 
h,aiw') /^^ i G /. 

Remark. There exists cuspidal conjugacy classes O ^ O' in finite 
Coxeter group of type F4 such that Pw,a{(l) = Pw',a{(l) for w G O and 
w' eO'. See [UF2I Appendix B]. ' 
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As a consequence, it implies the Geck-Kim-Pfeiffer theorem |GKPt 
2.6]. 

Theorem 7.6. Let {W, I) be a finite Coxeter group and a : W W 
he an automorphism with a{I) = I. Let O be a a-conjugacy class of 
W. Then 

(a) For each w & O, there exists an element w' G Omm such that 
w -^a w' . 

(h) Letw,v G Omin- Then there exists an element w' G Cyc^(w) and 
an element x & W such that w' is elementarily strongly a-conjugate 
to V via x. In particular, any two elements in Oram o^^e strongly a- 
conjugate. 

Remark. The proof is similar to |GP2[ 3.2.9]. 

By [ GKPt 2.8], it suffices to prove the theorem for irreducible groups. 

(a) Let w E O. If there exists w' & W such that supp^(w') is a 
proper subset of / and w w' . Then by induction on jj/, we have 
w' — w" for some w" G VFsupp^(«,') which is of minimal length in its 
(T-conjugacy class in Wsnx>pjw')- By Lemma 7.3, w" also has minimal 
length in its cr-conjugacy class in W and therefore w w" G Omin- 

Otherwise, supp^(t(7') = / for all w' & W with w — >o- w' . Now let 
w' &W he such that Cyc^{w') is terminal and w — >o- w' . Then by (PI) 
of the previous theorem, O is cuspidal and w' G Omin- 

Part (a) is proved. 

(b) Since w,v & Cmin, we have that l{w) = l{v) and awa{a)^^ = v for 
some a G W . Write a as a = xh for X G iy™PP-("') and h G lVsupp„(«,). 
Set w' = hwa{h)^^. Then w' G M/supp^(«)) and v = xw'a{x)^^. By 
Lemma 7.3, l{w') ^ l{v). However, since v G Omin, we have that 
l{w') = l{v). Moreover, since x G I^^^pP'^^"'), we have that l{xw') = 
l{x) + l{w'). Hence w' is elementarily strongly cr-conjugate to v. 

Since w has minimal length in its cr-conjugacy class in Wsnpp^{w), its 
cyclic shift class Cjc^{w) is terminal. Hence by (PI) of the previous 
theorem, the cr-conjugacy class of w in Wsupp^{w) is cuspidal. Since 
l{w') = l{w), by (P2) of the previous theorem, w' G Cyc^(w). 

Part (b) is proved. 

Below is another generalization of the main theorem. 

Corollary 7.7. Let W be a finite Coxeter group and a be an auto- 
morphism of W with a{I) = I and cr^ = id. Then for w G W , w and 
a{w)~^ are in the same a-conjugacy class. 

Remark. This is a generalization of }GP2l Corollary 3.2.14]. The 
proof is similar to loc. cit. and is omitted here. 

7.8. We will prove the main theorem for Coxeter groups of classi- 
cal type. The exceptional groups with a = id have been settled 
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in |GP2t Appendix B] by direct computation. (PI) and (P2) of the 
main theorem have been settled for '^D^, and "^Eq by direct com- 
putation in [GKPt section 6]. As to (P3), we can see from Table I- 
III in |GKPt section 6] that except for two classes in '^E^, minimal 
length elements in different cuspidal a-conjugacy classes have differ- 
ent length. The only exception is the a-conjugacy class of wi = 
S1S3S1S2S4S3S1S5S4S3S1S6S5S4S3S1 and the a-conjugacy class of W2 = 
S2S4S5S4S2S3S4S5S6S5S4S2S3S4S5S6. We have that = + + 

q + 1) and p^2^o-(q') = {q'^ + q + lY- Thus (P3) also holds for these cases. 

The Coxeter groups of classical type with a = id were first proved 
in [GPlj and then in [GP2j using cuspidal classes. We will give a new 
proof for these cases. We will also prove the main theorem for classical 
type with a 7^ id. 

The most difficult part of our proof is to find representatives of 

CuspaiW) = {w G W; supp^(w) = /, Cyc^(w) is terminal }/ ^„ . 

We will find the representatives case by case. The general strategy is 
as follows. 

Let w E W with supp^(u;) = / and Cyc^(w) terminal. We choose a 
maximal proper subset J of /. Then w ~(j wiv for some wi G W'^^'^'^ 
and V G Wi(^wi,a\j)- By Lemma 7.9 and 7.10 below, supp^(tyi) = / and 
the (TAd(wi)-conjugacy class of v in W^/(^i,o-|j) is cuspidal. By induction 
on /, we may assume that v is a representative in Cusp„Ad(wi) (Wiiwi,(T\j)) 
that we have found. In particular, w ~o- W1V1V2 for vi G with 
supp^Ad(u,i)('^^i) = Hwi,o- \j) and V2 G Wi{wivu<t\k)- By Lemma 7.11 
below, since Cjc^{w) is terminal, Wi and Vi must satisfy some condi- 
tion. 

In this way, we find some elements in W such that for w E W 
with supp^(w) = I and Cyc^(w) terminal, we have w Xk for some 
Xk- Now we calculate px^. o-(g) and check that 

(1) p.„.(l) ^ 0; 

(2) Px^Aq) PxyAl) fo^^ 7^ Xk'. 

By 7.1 and Lemma 7.2, the a-conjugacy class of Xk is cuspidal and 
different Xk belongs to different cuspidal class. Since each cr-conjugacy 
class contains at least one terminal cyclic shift class, Cyc^{xk) is ter- 
minal for all Xk- Thus these Xk are representatives of Cusp^iW) and 
also representatives of cuspidal cr-conjugacy classes. (P1)-(P3) of the 
main theorem also hold in this case. 

Lemma 7.9. Let W he an irreducible Coxeter group. Let J G I, 
w G and v G Wi(w,a-\j)- Then snpp„{wv) = I if and only if 

supp^(w;) = /. 

It is easy to see that if supp(w) C supp(wf). Thus supp^(w) = / 
implies that suppg.(wf) = /. On the other hand, if supp^(w) 7^ / and 
suppg.(wf) = J, then Un^oa"I{w,a |j) D / — supp^(w). It is easy 
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to see that for i ^ supp^('U7), wai is of the form ctj + X]jgsupp{«i) S% 
for some G N U {0}. By the definition of I{w,a |j), we have that 
wai = Oil and a{i) = i for all i e I{w,a \j) — supp^{w). Therefore 
I{w,a \ j) — supp^{w) is (T-stable and I{w,a \ j) D I — supp^(u'). 

Now since W is irreducible, there exists i G I{w,(7 \ j) — supp^(u') 
and j G supp^(w) such that rriij 7^ 2. Since a is an automorphism 
of W and a{i) = i, we have that rriij = mi^cr{j)- Therefore there 
exists j G supp(i(;) such that rriij 7^ 2. Now let w — Si^Si^ - • • Si^ 
be a reduced expression and m = max{A;; mj^j^ 7^ 2}. Then wai — 
• • • 5i„o;i = Si^ ■ ■ ■ Si^_^{ai + aai^) for some a G N. Therefore 
= (si, ■ ■ ■ s,^_Jai + a{si^ ■ ■ ■ Si^_ Ja^^ = «i + EjesuppH + 
where G N U {0} and a — (sjj ■ ■ ■ Si^_-^)ai^ is a positive root. In 
particular, wai 7^ c^i- That is a contradiction. 

The lemma is proved. 

Unless otherwise stated, we assume that / = {1, 2, • • • ,n}. Set 

^ _ \saSa-i ■■■Sb, if a ^ 6; 
'"'''^ 1 0, otherwise . 

Lemma 7.10. Let {W, I) be an irreducible Coxeter group and a : W ^ 
W be an automorphism with = I ■ Let d < n with 

(a) if(7^{i) ^ b— 1 for some i ^ 6— 1, then a^{i) = i for all i ^b — 1; 

(b) rriij = for ^ b; 

(c) rrii^ii — for i ^b — 1 and i' ^ b-\- 1; 

(d) mb^cr"(i) = for i ^ b — 1 and n G Z with 7^ i. 

Let a ^ b — 1. Let w = cr^^ {s[b,a])^^WiSi^b,i]ViV2 with Wi,Vi,V2 G W, 
supp(wi), supp(f 1) C / - U„eNcr"{l, 2, ■ ■ ■ ,b}, supp(v2) C {a + 1, a + 
2,--- ,6-1} andl{w) ^ 2b-a + l + l{wi)+l{vi) + l{v2). ThenCyc^{w) 
is not terminal. 



Remark. Let J = {1, 2, • • • , 6 — 1}. The idea of the proof is to use 
the procedure in section 2 to obtain an element of the form ViWi where 
wi G "^W and Vi G VF^^^-i ^^^^ such that w — >o-|j ViWi and l{viWi) < 
l{w). 

Set X = s^-i^b)'WiS[b,i]Vi and y = V2S'^^^^y Then a;S(^n(j) = S(jn(j)a; for 
i G {1, 2, ■ ■ • , 6 - 1} and n G Z with c7"(i) ^ i. 

Notice that xyx~^ — S[b,i]ys^\Y Then l{xyx~^) — l{x). Now let no 
be the minimal positive integer such that (7"°(i) — i ior i ^ 6 — 1. Then 

w -^a^y — {xyx~^)x — xa{xyx~^) = a{xyx~^)x -^^ xa^{xyx~^) 
-^a >a xa"°{xyx~^) = x{xyx~'^). 
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We can show in this way that w x{x°'^^yx^^^^^^). Notice that 

= {x''v2X~'')xs^,\,y 

Since /((x'*f2X~")xS|^i^ -^j) ^ l{v2) + l{x) — {b — a) < l{w), Cyc^(w) 
is not terminaL The lemma is proved. 

Lemma 7.11. We keep the assumption in the previous lemma. Let 

W = a'^{sib^a]y^WiS[b,l]SbVlSlb^a+l]V2 

with supp(iyi), supp(f i), supp(f2) G /— UngN<7"{l? 2, ■ ■ ■ ,6} and l{w) = 
l{wi) +l{vi) +I{v2) +3b—2a+2 . If 2a < h, then Cyc^{w) is not terminal. 

Remark. This is a generalization of the "Block exchange" lemma in 
|GP2t Lemma 3.4.5]. The proof here is similar to the previous lemma. 

Set X = So-i(6)t(7iS[fc^i]Sfef 1. Then 

W XS^b,a+l]V2Syb\a] = XSlb,a+l]S\b\af2 = XS^^\^^^S[b,a]V2 

= Sl^l^^^_^fS[b,a]V2- 

As in the proof of the previous lemma, we can show that 
If 2a < b, then we can show in the same way that 

W XSlb,2]V2S\bl2a+l,l] = ^^[b,2]S[b-2a+l,l]^2 = XS^b-2a,lf[b,l]V2. 

Since K^S[b-2a,if[b,n^2) ^ ^(^^2) + K^) + b-{b-2a) < l{w), Cjc^{w) 
is not terminal. The lemma is proved. 

Now we will prove the main theorem for each type. We will use the 
same labelling of Dynkin diagram as in [BoJ . Set J = I — {(t^^(1)}. 
Then a(J) = /-{!}. 

Type An 

7.12. Let w E W with suppj^(w) = / and CjCi^{w) is terminal. By 
Corollary 3.8, w WiV for some Wi G W"^ and v G By 

Lemma 7.9, suppj^(wi) = /. Thus wi = Then I{x,id \ j) = 

and w Wi. It is easy to see that Pwi,id{<l) = J2i<i<n^^- ^'^ there 
exists a unique cuspidal conjugacy class, which is just the conjugacy 
class that contains S[n,i]. 

Type M„ 

Lemma 7.13. Let W be a Weyl group of type An and a be an au- 
tomorphism of order 2 on W with a{I) = I . For any sequence a = 
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(tti, ^2, ■ ■ ■ , ttz) with Q!i ^ Q!2 ^ • • • ^ «i ^ 1 and X)i^i<z(2«i - 1) = 

n + 1, we set 

Let w E W with supp^('u;) = / and Cyc^{w) is terminal. Then w 
Wa for some a. 

We argue by induction on n. By Corollary 3.8, w ^a\, for 
some Wi e and v G Wi(^x,<t\j)- By Lemma 7.9, supp^(-u;i) = 

/. Thus wi — S[„+i_Q,j,i] for some ai ^ 1. Then I{wi,a \j) — 
{cKi + 1, CKi + 2, • • • , n + 1 — ai} and (TAd(wi) is an order-2 bijec- 
tion on I{wi,(7 By Lemma 7.10, v is contained in a cuspidal 

(TAd(-?L'i)-conjugacy of ^^/(uii.o-lj)- By induction hypothesis, v ^aAd{wi) 
S[n+2-ai-a2,ai+i] " " " ^[n+i-Ei^i^, «i,Ei^i^i_iK)+i] Sequence a' = 

(q;2, as, • • • , a;) with a2 ^ as ^ ■ ■ ■ ^ ai ^ 1 and I]2^j^;(2«i - 1) = 
n + 2 - 2q;i. By Corollary 3.8, 

W S[„+i_ai,i]S[„+2-ai-a2,ai+l] ' " ' •^[n+i-Ei^t^i "i.Ei^i^i-i("i)+l] " 

Notice that Cyc^{w) is terminal. By Lemma 7.11, we have that 
CKi ^ q;2. The lemma is proved. 

7.14. We have that 

Pwo^Aq) = det(g • idv - Wacr) = det(g • idy + wwq) 

^ (_l)ndet(-g . tdv - wwo) = n ((-^)'""' - 1) 



Thus Wa is contained in a cuspidal cr-conjugacy class. It is also easy to 
see that Pu)a,aiQ) Pw^,,a{(l) for a ^ a' . By the argument in 7.8, the 
main theorem holds in this case. 

We also showed that the cuspidal cr-conjugacy classes of An are 
parametrized by the sequence a = {ai,a2,--- with ai ^ a2 ^ 
■ ■ ■ ^ CKi ^ 1 and JZi^i^ii'^'^i — — n+1. In other words, the cuspidal 
(7-conjugacy classes of are parametrized by the partitions of n + 1 
with only odd parts. 

Type Bn 

Lemma 7.15. Let W be a Weyl group of type Bn- For any sequence 
a = (tti, a2, ■ ■ ■ , Oil) with ai ^ a2 ^ ■ ■ ■ ^ ai ^ 1 and Yli^i^i — "^j 
we set 

""^Q ^ (*[n-l,ai]*[«.l])(*[n-l,ai+a2]*["."i+l]) ' ' ' (*[".Eis:i^(-i("i)+l])- 

Let w & W with suppj^(w) = / and CyCj^(w) is terminal. Then w 
Wa for some a. 
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We argue by induction on n. By Corollary 3.8, w ^id\j Wiv for 
some Wi G W'^ and v G PV7(x,id|,j)- By Lemma 7.9, suppj^(wi) = /. 
Thus Wi = s'^n-i ai]^['^M some ai ^ 1. Then I{wi,id \ j) = {ai + 
1, ai + 2, ■ ■ ■ , ra} and Ad(wi) is the identity map on I{wi, id | j). By 
Lemma 7.10, v is contained in a cuspidal conjugacy of Wi(^wi,id\j)- By in- 
duction hypothesis, V 

some sequence a' = (0:2, «3, ■ ■ ■ ,ai) with 0:2 ^ as ^ ■ ■ ■ ^ ^ 1 and 
J22^i<ii (y.i = n — ai. By Corollary 3.8, 

Notice that Cjc^{w) is terminal. By Lemma 7.11, we have that 
ai ^ a2- The lemma is proved. 

7.16. By [GP2l 3.4.3], p^^,^d{q) = Ui^i^iiQ'"' + !)• Thus is con- 
tained in a cuspidal conjugacy class. Moreover, Pwa,idil) 7^ Vw^,,idi<l) 
for a 7^ a'. By the argument in 7.8, the main theorem holds in this 
case. We also showed that the cuspidal conjugacy classes of are 
parametrized by the partitions of n. 

Type 

7.17. There is one cuspidal a-conjugacy class, which is the class that 
contains S1S2S1. The other minimal length element in the class is 
S2S1S2 ~o- S1S2S1. The main theorem holds in this case. We have 
that p,is2si,a(g) = (g + 1)^- 

Type Dn and '^D^ 

7.18. Let ^ a < 6 ^ n. Define 

_ /s[:„'_2,6]S[n,a+i], if & ^ n - 1; 
[S[„_i,a+i], if6 = n. 

For any sequence a = (ai, 0:2, ■ ■ ■ , «;) with ai ^ a2 ^ ■ ■ ■ ^ ai ^ I 
and ^i^i^i Oii = n, we set 

Lemma 7.19. Let W be a Weyl group of type Dn- Let ctq = id and ai 

he the automorphism of order 2 onW with = /. Let w eW with 
supp^. (ti?) = I and Cyc^.(w) is terminal. Then w w'^ for some a 
with 2 \ I — i. 

We argue by induction on n. For n = 3, it is easy to check that 
the statement holds. Now assume that n ^ 4. By Corollary 3.8, 
w ~cri|j uiiv for some Wi G W"'^^'^^ and v G Wi(^x,(7i\j)- By Lemma 7.9, 
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supp^. (wi) = /. Thus Wi = W[o,ai] for some ai with 1 ^ n + i — 1. 

Then 



I{wi, a, 



i J) 



{«! + 1, «! + 2, ■ ■ ■ , n}, if «! ^ n — 2; 
0, if «! > n — 2. 



and crjAd(wi) is the bijection of order 2 — i on I{wi, \ By Lemma 
7.10, V is contained in a cri_i-cuspidal conjugacy of W^/{«;i,cr,|j)- By in- 
duction hypothesis, v Wai,ai+a2 ■ ■ -^Ei^.^i-i^MEi^,;^,". some 
sequence a' = (0:2, 0:3, ■ ■ ■ , «;) with 0:2 ^ ■ ■ ■ ^ ^ 1, X]2<j<« ~ 
n — ai and 2 | (/ — 1) — (1 — z) = / + i. By Corollary 3.8, 



Notice that Cyc^.(w) is terminal. By Lemma 7.11, we have that 
«! ^ a2- The lemma is proved. 



7.20. We use si,S2,-- - , Sn for the standard generators of the Weyl 
group of type Bn. By |GP2l 1.4.8], we may regard W as a subgroup of 
a Weyl group of type Bn via Sj — *• Sj for z ^ n — 1 and Sn — > SnSn-iSn- 
For any partition a of n with even numbers of parts, the element w'^ 
in W is just the element Wa of the Weyl group of type Bn. Thus 
= = riiscisjjl^"' + Therefore w'^ is contained in 

a cuspidal conjugacy class of W. Moreover, Pw'^,id{l) 7^ Pw' ,,idil) fo'^ 
a 7^ a'. By the argument in 7.8, the main theorem holds in this 
case. We also showed that the cuspidal conjugacy classes of Dn are 
parametrized by the partitions of n with even numbers of parts. 

It is easy to see that ai = S„ as an element in GL{V). Moreover, 
for any partition a of n with odd numbers of parts, Snw'^ = Wa in the 
Weyl group of type Bn- Thus 

Pw'^,ai{q) = det(g ■ idv - w'Jn) = det(g ■ idy - Snw'^) 

= det(g ■ idv - w^) = JJ (^°" + 

Therefore w'^ is contained in a cuspidal di-conjugacy class of W. More- 
over, puj' o-i((?) 7^ Pw' aiil) for a 7^ a'. By the argument in 7.8, the 
main theorem holds in this case. We also showed that the cuspidal ai- 
conjugacy classes of Dn are parametrized by the partitions of n with 
odd numbers of parts. 

Type 3/^4 

Lemma 7.21. Let W be the Weyl group of type D4 and a be an au- 
tomorphism of W with o"(si) = S3, (7(53) = S4 and (7(54) = Si. Let 
w ^ W with supp^(w) = / and Cyc^{w) is terminal. Then w ~o- w' 
for some w' G {S2S1, S3S2S1S3, S3S2S1S2S3S2, S1S2S4S3S2S1S2S4}. 



I{J,wi,a) 



32 XUHUA HE 

By Corollary 3.8, w Rio-|_, WiV for some Wi G W^^"^^ and v G Wi(^u)i,a\j)- 
By Lemma 7.9, supp^(wi) = /. Thus 

Wi e {s2'Sl,S[3,l],S4S2'Sl,S[4,l],S2S[4,l],SlS2S[4,l]}- 

Moreover 

0, if Wi e {S2S1, S4S2S1, S[4,l]}, 

{2,3}, ifwi = S[3j], 

{4}, if Wi = S2S[4j], 

^{2,4}, if wi = siS2S[4,i]. 

If Wi G {S2S1, S4S2S1, S[4^i]}, then u = 1 and w' ""^i- Notice that 

S4S2S1 S2 and S[4j] 5352- Thus -u; S2S1. 

If wi = S[3,i], then v ^AA(w^)a vi, where Vi G {1, S3, S2S3S2}. Thus 

w ~o- Notice that S[3,i] -S2S1S4 S1S4S2 S1S2S1 si- 

So W S3S2S1S3 or W Rif^ 8^8281828^82. 

If = •S2S[4,i], then w = 1 or v = S4. Notice that S2S[4^i] 
5iS[4,i] S1S3S2. We also have that S2S[4,i]S4 S4S2S4S3S2S4 and 

Cr"^(s4S2S4S3S2S4) = 53-5251525352. ThuS W ^„ 525[4,1]54 82,8281828^82. 

If Wi = 5i525[4,i], then V !^Ad(«;i)a ^"1, where Vi G {1,52,5254}. 

Thus W ~o- WiVi. Notice that SiS25[4,l] -^o- 525[4,i]S3 82848382 
and Si525[4,i]52 525[4,i]5254 5[4,i]5254S2 8482818482. ThuS 

W Rig- 5i5254S3S25l5254- 

The lemma is proved. 
7.22. We have that 

Ps3S2.i.26-3S2,a(g) = (g + - ? + 1), 

Set W = {525i, 53525153, 535251525352, 5i525453525i5254}. Then W is 

contained in a cuspidal cr-conjugacy class of for ty G W. Moreover, 
Pw,u{q) 7^ Pw',a{(l) for w ^ w' & W. By the argument in 7.8, the main 
theorem holds in this case. 



In the rest of this section, we study the "good" elements. 

7.23. Let w G W, we call d the ci-order of if is the minimal positive 
integer such that wa{w) ■ ■ ■a'^^^{w) = 1 and cr'^ = 1. 

Let S+ be the braid monoid associated with {W,I). Then there is 
a canonical injection f : W ^ that identify the generators of W 
with the generators of and f(wiW2) = f{wi)f{w2) if "^1,^2 £ W 
and /(W1W2) = l{wi) + l{w2). We will simply write w_ for f{w). 

Now the automorphism a extends to an automorphism of B^ (which 
we denote by the same symbol). 
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We call an element w & W of cr-order d a good element if there exists 
a sequence Ji D /2 D ■ ■ ■ D /; of / such that 

wa{w) ■ ■ ■o-'''^^{w_) = w^ij^wj^ ■ ■ -w}^ in B~^. 

The "good" elements for a = id were introduced in |GM] . The above 
generalization appeared in |GKP] . 

Lemma 7.24. (1) Let W be the Weyl group of type An and a he an 
automorphism of order 2 with a{I) = I . Then for any a ^ n, 

^[n+l-a,l]'^(^[n+l-a,l]) ' ' " 0^ i§.[n+l-a,l])lil{a+l,a+2,- ,n+l-a} — Mil- 

(2) Let W be the Weyl group of type Bn- Then for any a ^ n, 

{S[n-l,a]^ln,l]Tl^{a+l,a+2,-,n} = Mil- 

(3) Let W be the Weyl group of type D^- Then for a ^ n — 2, 

U[„^_2,a]^[„,i])V{a+l,a+2,-,n} = Mll- 

(4) Let W be the Weyl group of type Dn and a be the automorphism 
of order 2 with cr{I) = I . Then 

We will prove part (1). The rest of the lemma can be showed in the 
same way. 

By direct calculation, 

■5[n+l-a,l] ■ ■ ■ O"^" ^(S[n+l-a,l])wi{a+l,a+2,--- ,n+l-a}(ttj) = ^Oln+l-i 

for each simple root aj. Thus 

S[n+l-a,l]0"(S[n+l-a,l]) " ' ' <7^" ^ (s [n+l-a,l] )'M^{a+l,a+2,--- ,n+l-a} = Wj. 

Moreover, (2a - + l{w{a+i,a+2,- ,n+i-a}) = n{n + l)/2. 

Now part (1) follows from the definition oi f -.W . 
Part (1) is proved. 

Corollary 7.25. (1) Let W be the Weyl group of type An and a 
be an automorphism of order 2 with cx{I) = I. Then for any a = 
(ai, ^2, ■ ■ ■ , «;) with ai ^ a2 ^ ■ ■ ■ ^ ai ^ 1 and J2i<i<ii'^'^i ~ 1) = 
n + 1, 

where d is the least common multiple of2ai — 1, Cj = 2d/{2ai — 1) and 
Ii = { ^ ak-i + 2, ^ ak-i + 3,--- ,n- ^ ak}. 

(2) Let W be the Weyl group of type Bn- Then for any partition 
a = (ai, ^2, ■ ■ ■ , ai) of n, 



34 XUHUA HE 

where d is the least common multiple of ai, Cj = d/ai and 
h = { ^ ttfc + l, ^ ak + 2,--- ,n}. 

(3) Let W be the Weyl group of type Dn- Let ctq = id and ai he the 
automorphism of order 2 onW with cti{I) = I. Then for any partition 
a = («!, a2, ■■■,«;) of n with I — i even, 

where d is the least common multiple of ai, Ci = 2d/ai and 

{{ Yl «fe + 1, Yl afc + 2, ■■■,n}, if Yl 
0, otherwise. 

Remark. Part (2) and (3) were proved in \GV2\ Proposition 4.3.11] 
and part (1) was conjectured in [GKP[ 5.6]. 

We will prove part (1). The rest of the lemma can be showed in the 
same way. 

We argue by induction on /. Let J = I — {1}. Then Wa is of the 
form WiV, where Wi = S[n+i-ai,i] ^ W'^ and v G It is easy 

to see that 

mMw.) ■ ■ ■ o''-\m^) = wMm) ■ ■ ■ a''-\w,)v,a,iv,) ■ ■ ■ al'-\v,) 
where ai = Ad{wi)a and 

= Ad{a{wi)a\wi) ■ ■ ■ a^''-\wi)y\ 

Notice that ui is an order-2 automorphism on W[ai,ai+i,-- ,n-ai]- By 
induction hypothesis, 



where d' is the least common multiple of 2ai — 1 for i ^ 2 and 
2d'/{2ai - 1). By [GP2l Proposition 4.1.9], 

By the previous lemma, 

m<^{m) ■ ■ ■ (^^'^'\m)m.% 



■■■ = v/j\ 
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Part (1) is proved. 

Theorem 7.26. Let {W, I) be a finite Coxeter group and a he an au- 
tomorphism on W with a{I) = I . Let O be a a-conjugacy class. Then 
there exists a good element w G Omin- 

Remark. The non-twisted cases were proved in |GM] . The twisted 
cases except the type "^An were proved in |GKP] . The type "^An follows 
from the the previous corollary. 
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